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In designing and scheduling batch plants, engineers stri'ue to choose the ones that 
maximize economic benefits, subject to constraints imposed by process physics and mar- 
ket demands. Even for relatively small design projects and for experienced engineers, the 
number of practical alternatives is combinatorially aplosive. The formalism of mathe- 
matical programming provides a convenient way of organizing alternatives and a rigor- 
ous justijication of choices. Mathematical modeling of these design problems yields 
large mixed integer linear programs (MILPs). Thus, the effective use of optimization 
techniques to formalize the design process relies on the ability to solve large models. 
Distributed computing can be utilized effectively in the solution of MILPs modeling 
practical design and scheduling problems. This work demonstrates how large MILPs 
can be solved using a distributed computing platfomz. The viability of the distributed 
computing approach is illustrated by presenting results for problems derived from indus- 
trial design case studies. 

Introduction 
Batch and semicontinuous processing have received con- 

siderable attention in the chemical industry due to the manu- 
facture of high value added chemicals and drugs. Due to the 
increase in competition in the chemical industry, it has be- 
come necessary to emphasize efficient resource utilization 
and, therefore, the need for good designs. Optimization tech- 
niques are typically employed to obtain such designs. These 
approaches involve optimizing an objective function subject 
to physical and operational limitations posed as mathema- 
tical constraints. The objective function models the per- 
formance criteria dictating the choice of design decisions. 
Minimizing the capital investment and operating costs of the 
plant and maximizing the production capacity are examples 
of widely used performance criteria. The size of problems 
that can be effectively addressed using this framework is lim- 
ited by the solution algorithms used, as well as the computing 
resources available. Solving practical design problems re- 
quires the development of algorithms that can handle the 
large number of constraints and alternatives inherent in these 
instances. 

This article describes an algorithm to address such large 
design applications using distributed computing. The central 
idea is to decompose the overall design problem into two 
stages: the aggregate design and the scheduling levels, which 

are similar to the two-level structure involving the materials 
requirement planning (MRP) problem, proposed by Bitran 
and Hax (1978). Both stages involve discrete decisions which 
are represented by integer variables in the mathematical for- 
mulation. Such discrete decisions include purchase of equip- 
ment in the aggregate design stage and task-unit allocations 
in the scheduling stage. Thus, these problems are posed as 
mixed integer linear programs (MILPs) which can be solved 
in parallel. 

Design of Batch Plants 
Before the details of the design process and the difficulties 

associated with it are discussed, a formal description of the 
design problem would be useful. 

Gioen 
The process recipe structure 
Product demand patterns (with or without uncertainty) 
Process data (yields, processing time, and so on) 
Scheduling constraints (changeover, resource availability, 

Cost data for equipment purchase and utilization 
Cost data for inventory and utilities (steam, manpower, 

and so on) 

and so on) 
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The horizon of interest (life of the plant) 
Find 

The configuration of equipment over time (unit purchase 
over time) 

Production plan over time (what and when to purchase) 
Detailed schedules to follow the production plans, 

Batch processing can be distinguished from continuous 
processes by the discrete nature of the events that occur in 
the plant. Since each task performed has a specific process- 
ing time, material transfer from one task to another is dic- 
tated by the precedence of the tasks and their start and finish 
times. Material may be transferred without any delay by syn- 
chronizing the start time of a task with the completion time 
of its preceding task. This mode of operation is referred to as 
zero wait (Mauderli and Rippin, 1979). The zero wait mode 
imposes constraints on the exact sequence and timing of the 
tasks, and relaxing these constraints may lead to better uti- 
lization of resources. Relaxing these constraints implies that 
management of resources between tasks has to be considered 
as well. Since there may be a time lag between tasks in the 
sequence, it becomes necessary to store material between 
completion time of a task and the start time of its successor 
task. Placement and sizing of intermediate storage between 
each set of tasks become an additional design parameter. 

Independent of the mode of operation, resource availabil- 
ity has to be considered as well, since it impacts the exact 
timing of the tasks (scheduling) in the design problem. Thus, 
scheduling constraints become an inherent part of a general 
design process in the absence of simplifying assumptions. One 
such simplifying assumption made in the past is that of cyclic 
production, where the schedule is obtained for a short time 
span (typically for a cycle of one batch) and assumed to cycle 
over the entire horizon. This mode of plant scheduling, known 
as campaigning has received much attention in the last 15 
years (Mauderli and Rippin, 1979; Wellons and Reklaitis, 
1991; Vaselenak et al., 1987). 

Scheduling, however, may not always be important in the 
design context. In the case of multiple products, if the simi- 
larity in product recipes is low, equipment may be dedicated 
to individual tasks. Scheduling in these cases is simple and 
does not involve complex mathematical constraints. On the 
other hand, if product recipes are highly similar, equipment 
may be shared between tasks (i.e., there may be no unique 
task-unit assignments), reducing the capital cost of the plant. 
The disadvantage of sharing is that scheduling becomes im- 
portant in the plant operation, and models that incorporate 
scheduling constraints over the entire design horizon lead to 
extremely large mathematical programs. If dedicated equip- 
ment is utilized in the case of processes with high similarity 
of product recipes, the corresponding design results in high 
capital cost and underutilization of equipment. For a more 
detailed analysis of the operating policies and their relation 
with the recipe network, refer to Reklaitis (1989). The trade- 
off between dedicated and shared plants has been illustrated 
by Sahinidis and Grossmann (1991). 

The design process also involves decision-making in the 
light of uncertainty in the predictions of the market demand, 
supply and processing parameters. In the past (Grossmann 
and Sargent, 1978; Takamatsu et al., 1973), stochastic param- 
eters have been addressed by representing product demands 

as continuous variables distributed uniformly within certain 
bounds (which are determined a priori). Uncertainty can be 
also incorporated in the form of probability distributions. 
Continuous distributions, however, lead typically to nonlinear 
expressions in mathematical programs and in most design 
cases to mixed integer nonlinear programs (MINLP) (Wel- 
lons and Reklaitis, 1989). The integer part of design prob- 
lems is due to the presence of variables representing the pur- 
chase of equipment items. Nonlinear problems are extremely 
difficult to solve, especially in the case of design, where the 
size of problems is orders of magnitude larger than what can 
be solved routinely using current MINLP technology. For ex- 
amples of problems solved using MINLP techniques, see Ko- 
cis and Grossmann (1988). Therefore, it is desirable to keep 
the formulation linear and pose the problem as an MILP. 
Linearity in the mathematical program can be maintained by 
introducing the concept of scenarios (Reinhart and Rippin, 
1987). Scenarios are a collection of predicted demand levels, 
along with their associated probabilities. The objective of the 
design is to find an optimal production schedule that takes, 
into account all the scenarios in the decision-making. For de- 
tails of scenario analysis of market uncertainty, refer to Sub- 
rahmanyam et al. (1994b). Shah and Pantelides (1992) consid- 
ered an MILP formulation with constraints for each scenario, 
with the objective function being the minimization of capital 
costs. However, the probability of realization of each sce- 
nario is not considered, and all scenarios are treated as being 
equally likely. 

The objective of the design process is to generate a plant 
configuration which meets certain performance criteria, sub- 
ject to constraints of the process, the market, and those im- 
posed by the designer. The size of problems that can be ef- 
fectively addressed using optimization techniques is limited 
by the algorithms used, as well as the computing resources 
available. Within the optimization framework, difficulties in 
the design process are numerous. To obtain optimal solu- 
tions, the scheduling constraints have to be handled explicitly 
in their mathematical form. Unfortunately, the time scale of 
the scheduling problem which involves conducting basic pro- 
duction activities (batch processing times, clean-out times, and 
so on) is in the order of hours/days, while the design horizon 
(involving supply chain considerations, equipment installation 
frequency, aggregate demand deadlines, and so on) is in the 
order of months or years. The primary obstacle is that the 
scheduling constraints yield problems too large to be solved 
using current solution technology when generated as a math- 
ematical program spanning the design horizon. In addition, 
the nature of batch processes dictate that there be a task to 
unit allocation made for every batch execution, which implies 
in mathematical terms a combinatorial problem (involving 
discrete decisions). Developing exact algorithms for combina- 
torial problems is a demanding task. The theory of NP-com- 
pleteness (Garey and Johnson, 1979) proposes that efforts to 
develop general-purpose algorithms that can efficiently solve 
all instances of certain combinatorial problems are likely to 
be futile. These problems are known as NP-complete prob- 
lems, and the design and scheduling problems described 
above belong to this class. However, this theory does not pre- 
clude the notion of special purpose solvers which are de- 
signed specifically for the efficient solution of problem in- 
stances possessing a special structure. Thus, to solve large 
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instances of specific combinatorial problems, the algorithm 
designer has to invest the time and effort needed to develop 
special purpose algorithms or make simplifying assumptions 
to make the mathematical models more tractable. In the past, 
researchers have usually imposed restrictions on the opera- 
tion of the plant, thereby mitigating the combinatorial com- 
plexity of task-unit assignments over time. As discussed ear- 
lier, such restrictions result in suboptimal plant designs. 

Approach 
A number of approaches have been proposed in the litera- 

ture to address the design problem. The most rigorous ap- 
proach involves solving a monolithic model that incorporates 
the design and uncertainty aspects, as well as scheduling con- 
straints. This framework is comprehensive and an optimal so- 
lution to the model is guaranteed to be optimal for the un- 
derlying design problem. However, the practical utility of the 
model is limited by the size of problem instances. The other 
extreme is to ignore scheduling considerations entirely and 
adopt a simple operating strategy to make the problem 
tractable, typically resulting in underutilization of equipment. 

Based on the differing time scales involved, the combined 
design-scheduling model can be naturally decomposed into 
two stages-one involving aggregate planning (macroscopic) 
features and the other based on scheduling (microscopic) de- 
tails. This separation makes solution of the underlying prob- 
lems more tractable. Separation of the design problem into 
two stages still implies interactions between the stages, and 
one cannot be solved without taking into account the influ- 
ence of the other. The proposed approach is to consider de- 
sign and scheduling as a two-tier problem with an interactive 
interface between the two stages. The interface serves to link 
the two levels and keep them mutually consistent. The solu- 
tion of the design problem at the top level, called the Design 
Super Problem (DSP), is used by the interface to set up a 
series of scheduling problems (Scheduling Sub Stage) taking 
into account boundary conditions implied by the DSP solu- 
tion (Subrahmanyam et al., 1994b). The DSP solution there- 
fore serves as a target which the scheduling problems should 
meet to achieve the predicted goals. 

The scheduling aspects of the problem are handled at the 
Scheduling Substage. Decisions may be made a prion' about 
the mode of operation of the plant, but our approach does 
not require the assumption of a particular operating mode. 
For example, it may be necessary to structure plant opera- 
tions so that production occurs in campaigns of a certain cyclic 
structure (as discussed before). The mathematical model em- 
ployed here must be versatile enough to handle the various 
types of operating modes. Note that this is still a heuristic 
method and a tie-up with a monolithic model is necessary to 
establish optimality. The rigorous connection between the 
monolithic model and our decomposition approach is cur- 
rently being investigated. 

The aim of this approach is to obtain good design solutions 
without compromising important aspects of the physics of the 
problem. To this effect, Subrahmanyam et al. (1994b) out- 
lined an iterative decomposition procedure for the design of 
batch chemical plants. In this work, the inclusion of addi- 
tional equipment capacity at the lower level to satisfy 

1994a). This approach is useful in obtaining quickly feasible 
solutions to large design problems and for obtaining bounds 
on the overall optimization problem. The proposed method 
takes advantage of the fact that many plants have to produce 
products which are of high value and hence, the costs for 
additional capacity may not have a major effect on the per- 
formance function (objective function of the mathematical 
program). 

The first stage in the solution of the design approach is the 
DSP. We now proceed to outline the mathematical formula- 
tion of the DSP. The formulation of the DSP is described in 
detail by Subrahmanyam et al. (1994b). 

Design SuperProblem 
The design horizon is divided into a set of aggregate 

nonuniform time periods, the boundaries of which define the 
aggregate production deadlines. Each aggregate time period 
spans several scheduling time intervals and defines a range 
within which the DSP describes the aggregate production plan 
(Figure 1). The DSP is derived by summing the scheduling 
constraints over all the scheduling intervals within the aggre- 
gate time period width. In a sense, a surrogation of con- 
straints (scheduling constraints) takes place. For each set of 
scheduling constraints, a resource limitation constraint (Eq. 
2 )  is generated. Thus, the exact details of events occurring in 
the design time period are now replaced by an aggregate ac- 

scheduling constraints is permitted (Subrahmanyam et al., Figure 1. Decomposition of time scales. 
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count. The mathematical formulation of the DSP is given be- 
low. 

The essential (DSP) formulation is described in brief as 
follows. Aggregate scheduling constraints (Eq. 2)  ensure that 
any given equipment item is not used for more than the time 
available during the time period. The material balance con- 
straints (Eq. 3) ensure that material is conserved in the plant 
by balancing the inflow and outflow of material in each de- 
sign time period. The other constraints include equipment 
utility constraints (Eq. 4) to keep track of the number of 
equipment items available in each design time period, sce- 
nario satisfaction constraints (Eqs. 5-6) and gross inventory 
limitations (Eq. 7) for limiting the inventory storage, batch 
capacity limitations (Eq. 8) to impose restrictions on batch 
sizes due to finite unit capacity. The scenario satisfaction 
constraint set (Eq. 5 )  represents production in each time pe- 
riod qsS, as a sum of two variables q:& and q$. q::, denotes 
the production amount of material s up to the scenario de- 
mand level Qsk7 according to constraint set (Eq. 6), while 
anything that is produced above this value is represented by 
the excess variable 9:;. The amount of material produced 
should be decided upon after taking into account all the sce- 
narios and the probabilities of their occurrences, and is the 
same under all the scenarios. To ensure this, q,S, is intro- 
duced in the constraint set (Eq. 5), and set equal to the sum 
of q$7 and q:A. It is obvious that credit for the sale of a 
product should only be for the amount produced up to the 
demand scenario level if that scenario were to be true. If the 
associated probability that the scenario is true is P k 7 ,  then 
the credit for the sale of product s is Pk7USk7q:&. 

The DSP formulation is an MILP with pure integer vari- 
ables representing the number of equipment items pur- 

chased. The performance function against which the design is 
to be evaluated is the expected net present value of the plant 
(ENPV). This function is the difference between the ex- 
pected revenue due to the sale of products and the cost of 
the raw materials, inventory of materials, and equipment. The 
sale of products will depend on the production amounts of 
the products. 

Although the DSP is an aggregated form of the scheduling 
model, a large plant may still translate into a large instance 
of the DSP formulation. For example, a 41 resource, 31 task 
network with a horizon of 15 years discretized into 60 time 
periods of 3 months each yields a formulation instance with 
over 37,000 variables (total) and 8,000 integer variables. This 
problem cannot be solved at present to optimality using 
branch and bound techniques in reasonable time using exist- 
ing computing resources, unless some efficient special-pur- 
pose algorithms are developed. However, even good solutions 
to these design problems are difficult to generate using a 
general purpose optimizer, and accelerating the generation 
of attractive feasible solutions is valuable to the designer. 

The solution of the DSP gives the aggregate planning pol- 
icy and the configuration of equipment over time. The next 
stage is to evaluate the feasibility of the plant operation by 
scheduling the production in detail. The following section de- 
scribes the Scheduling Substage and the scheduling formula- 
tion used. 

Scheduling Sub Stage 
Each design time period gives rise to a single scheduling 

problem with a horizon equal to the length of the design time 
period. Therefore, the number of scheduling problems is 
equal to the number of design time periods. The scheduling 
problems are constructed based on the DSP solution-the 
equipment items implied by the solution are used to schedule 
the various tasks required to produce the target amounts. The 
scheduling formulation is based on uniform discretization 
model (UDM) described by Elkamel (1993). The discretiza- 
tions are calculated based on the greatest common factor of 
the processing times and the demand deadlines. Consider the 
three-month aggregate period for the 31 task process dis- 
cussed before. The scheduling problems generated thus can 
still lead to mathematical programs with a large number of 
variables and constraints. 

To make the MILPs generated more tractable, the 
scheduling problem for each design time period needs to be 
further decomposed into a number of problems spanning 
smaller horizons. The axial decomposition strategy described 
by Elkamel et al. (1993) is used for this purpose. At the 
scheduling stage, the storage values at the two ends of the 
horizon are known from the design solution. A problem simi- 
lar to the DSP can be set up to decompose the scheduling 
problem into smaller, more amenable problems. 

In this article, however, for the purposes of illustrating the 
effect of distributed computing, the following simpler method 
is used. The target inventory for the smaller decomposed 
problems is taken to be a corresponding fraction of the origi- 
nal target storage, the fraction being the ratio of the two 
horizons. Thus, the storage levels of various materials are de- 
cided by linear interpolation. The production amount and 
target inventory for each material are also obtained by linear 

AIChE Journal June 1996 Vol. 42, No. 6 1651 



interpolation between the initial state and the final storage 
values of the original horizon. Smaller problems may be 
scheduled individually and then spliced together to give a 
feasible schedule for the design time period. The cyclic pro- 
duction assumption has to be noted at this stage. Though the 
production is to be scheduled in a cyclic fashion, the horizon 
of interest is still much larger than that considered earlier by 
other authors, where a cycle is typically equal to a single batch 
completion time. Also, past work has assumed that such a 
cyclic pattern would proceed to the end of the horizon, 
whereas in this case, the cycle terminates at the end of the 
design time period. 

Therefore, there is a cyclic structure locally within the de- 
sign time period, the cycle time of which is considerably larger 
than a single batch completion time. The individual problems 
within each design time period are essentially the same ex- 
cept for the storage values at the ends of the time periods. 
Production amounts and arrivals are exactly the same in all 
the smaller problems. Though the storage values are not the 
same in all the scheduling problems, the usage of each mate- 
rial is equal and the scheduling problems can be considered 
to be essentially equivalent. Therefore, each small decom- 
posed scheduling problem is to be repeated till the end of the 
original scheduling horizon. The designer has the degree of 
freedom to choose the number of smaller horizons into which 
the original scheduling horizon is to split into. Clearly, there 
is a limit to the discretization interval of the design time pe- 
riod, as there is a minimum time period required for the pro- 
duction of the products. Scheduling problems thus solved, if 
feasible, yield a feasible design solution. The solution de- 
scribes in detail the purchase of equipment, the production 
plan, and the inventory profiles over time. The following sec- 
tion describes the procedure in the event of a scheduling in- 
feasibility. This procedure identifies bottlenecks in the proc- 
ess and attempts to increase the capacity required to meet 
the production completely. 

Debottlenecking 
If infeasibility is encountered in any scheduling problem, it 

is due to the nonavailability of one or more equipment items 
or due to overestimation of production capacity. The reason 
for the infeasibility is that scheduling considerations have 
been underestimated at the DSP stage. The precedence 
structure and detailed flow of material are not expressed in 
the top level formulation and hence the DSP stage has been 
ambitious in estimating the capacity and in most cases 
overutilized the available capacity. Infeasibility is not caused 
by shortage of resources like raw materials or intermediates 
since material balance constraints imposed in the Design Su- 
perproblem stage hold. Obviously, one (or more) of the unit 
types is a bottleneck to the process and has to be identified. 
Identifying bottlenecks in the scheduling problems implied by 
the DSP solution is an optimization problem. Perturbing the 
DSP solution by adding a unit of a particular equipment type 
may yield a better solution in terms of reducing the infeasibil- 
ity. In this section, we propose an algorithm to identify the 
bottlenecks in the plant, using the same UDM formulation 
used for scheduling. 

The target production implied by the DSP solution has to 
be met in every time period to ensure design feasibility. If 

this production is not met with the current solution, the max- 
imum production is obtained by allowing the target demands 
to be violated; this relaxation of the original hard constraint 
(that all the production implied by the DSP solution has to 
be met) is referred to as purtiul demands. The scheduling 
problem SP(t) ,  where t is the design time period, is first 
solved by specifying partial demands on all the products. If 
all demands are met (satisfy DSP estimated capacity), the 
schedule is feasible and the algorithm is terminated. The test 
for feasibility is performed by comparing G(t), which is de- 
fined to be the sum of production of the products for the 
scheduling problem in design time period t ,  and G,(t), which 
is the target production implied by the DSP solution. If G(t)  
is equal to G,(t), the production is feasible. 

An infeasibility is encountered when the demands are not 
met in entirety, which is the case where G(t)<G,(t). To 
ascertain the bottleneck of the process, a series of problems 
are generated, each with the addition of one unit type. There 
will be generated as many problems as there are unit types. 
These problems are represented by SP(t,  j ) ,  where j is the 
unit type added. The linear programming relaxations of these 
problems are solved, and the cumulative production amount 
GLP(t, j )  compared with G*(t), the best cumulative produc- 
tion amount discovered so far. If GLP(t, j )  is not better than 
the incumbent (G*(t)), the MILP solution of this problem 
SP(t, j )  is not necessary. This is because the linear program- 
ming relaxation is an upper bound for the problem and the 
solution cannot improve beyond GLP(t, j ) .  If the relaxation 
yields a better GLP(t ,  j ) ,  the MILP associated with the prob- 
lem SP( t , j )  is solved. The cumulative production amount 
G(t, j )  implied by the MILP solution is compared to G*(t). 
A better value of G(t, j )  at this stage implies that the addi- 
tion of unit j increases the production of the products and is 
maintained as the current best unit to be added, unless a unit 
k yielding a better G(t, k )  is found. The above steps are re- 
peated until the target productivity G,(t)  is found. The algo- 
rithm is illustrated in Figure 2. 

Parallel algorithm execution 
While the two tier framework described above makes the 

problem more tractable than a monolithic model, the mathe- 
matical programming problems generated are still quite large 
and computationally demanding. For example, the mathe- 
matical program representing the DSP for an industrially de- 
rived case study contains 2,760 integer variables, 12,085 con- 
tinuous variables, and 11,058 constraints. The difficulties as- 
sociated with the large size of these problems is somewhat 
mitigated by the fact that algorithms to solve them are 
amenable to parallel execution. The potential reduction in 
execution times provided by parallel algorithms is important 
in the context of the design process. Parallel design algo- 
rithms can reduce the time required to deliver feasible solu- 
tions and thereby allow designers to evaluate a larger number 
of design alternatives. Computer networks can provide a 
readily available parallel algorithm execution platform to ad- 
dress such demanding computational tasks. While the use of 
distributed computing to solve combinatorial optimization 
problems has not been routine in the past, increased avail- 
ability of computer networks is likely to make it more preva- 
lent. Lack of software systems that can alleviate the burden 
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Add unit j* to SP(t) 

I 

Figure 2. Debottlenecking algorithm. 

of developing distributed algorithms is an important factor 
that has prevented the widespread use of computer networks 
as a parallel computing platform. This article attempts to 
demonstrate the utility of distributed computing by describ- 
ing the development of a distributed algorithm to solve an 
important class of plant design problems. 

The next section discusses the underlying mathematical 
structure of the above stages. First, the branch-and-bound 
procedure for the solution of MILPs is discussed. The dis- 
tributed algorithm that has been implemented to solve the 
various stages of the design problem is then described. 

Branch-and-Bound Framework 
The previous section outlined the MILP formulations cor- 

responding to the DSP and the scheduling subproblems. 
These formulations are solved using the branch-and-bound 
implicit enumeration method. Branch-and-bound is a well es- 
tablished framework that is at the core of existing methods 
for rigorously solving hard combinatorial optimization prob- 
lems (Ibaraki, 1988). In addition, branch-and-bound algo- 
rithms lend themselves naturally to parallelization, allowing 
the use of parallel and/or distributed computing. A formal 
description of branch-and-bound is provided to clarify suc- 
ceeding discussions. Consider the following optimization 
problem P (note that the DSP is posed as a maximization 
problem, and the following description deals with minimiza- 
tion problems: the min (max) problem can be transformed 
into the corresponding max (min) form by negating the objec- 
tive function) 

(9) 

where S is a subset of (R" and u is a real-valued function 
known as the objective function. The convention followed is 
that if an optimization problem of the above form is infeasi- 
ble Z( P) = w. The description of the branch-and-bound algo- 

rithm follows that of Gendron and Crainic (1993). We as- 
sume that P can be solved by enumerating a finite number 
of points in S and that no polynomial algorithms (in n, the 
dimension of S )  are known to solve it. We also assume that 
P is infeasible (S = @) or has a finite optimal value. If solving 
a relaxation of the optimization problem P does not yield a 
solution x E S ,  we create K subproblems PI ,  P,, . . . , PK with 
feasible sets S,, S,, . . . , S ,  such that U ,"= ISi = SD E S. The 
optimal solution value for the original problem P and the 
subproblems Pi are related by the following expression 

If P,, P,, . . . , PK cannot be solved directly, they can be fur- 
ther decomposed as before. The process of decomposition is 
known as branching. Thus the enumeration scheme proceeds 
by recursively building a search tree, with the vertices of the 
tree representing subproblems. Let x* represent best known 
solution to P and Z* be the corresponding objective func- 
tion value. This is an upper bound on the optimal value of P .  
At the start of the algorithm, Z* is set to m. Whenever a 
subproblem Q yields a feasible solution to P, Z* is set to 
Z ( Q )  if Z ( Q )  < Z * .  A subproblem Q need not be decom- 
posed if either of the following rules can be applied: 

(1) The subproblem has been solved and is either infeasi- 
ble or generates an optimal solution (i.e., a feasible solution 
to the original problem P). 

(2) Z(Q> 2 Z * .  
To apply rule 2, it is sufficient to know a lower bound on 

the optimal value of Q .  The process of generating this bound 
Z'(Q) is called the bounding operation. Thus if any subprob- 
lem Q has a lower bound greater than or equal to a known 
upper bound on the optimal value of P, it need not be de- 
composed. Another variant of elimination rule 2, known as 
the dominance test has also been discussed in literature 
(Ibaraki, 1988). During the construction of the branch-and- 
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bound tree, the subproblems are in one of the following three 
states: generated, evaluated, or examined. A subproblem is 
generated, when it is obtained by decomposing another sub- 
problem. When the bounding operation has been applied to 
a subproblem, it is said to have been evaluated. The subprob- 
lem is examined when either the branching operation has 
been applied to it, or the elimination tests indicate that it is 
unnecessary to do so-in which case the problem is said to 
be eliminated. Let 'Z denote the current set of subproblems. 
A subproblem Pi E 3t is actiue if it is neither evaluated nor 
examined. Let a denote the set of active subproblems. A 
family of branch-and-bound algorithms can now be stated as 
follows: 

(I) Initialization: a = {P}, 32 = (P} ,  x* = 8, Z" =a. 
(2) Search: If a = 8, stop. x* is the optimal solution with 

objective function value 2". Else choose a problem Pi from 
a. 

(3) Lower bounding: If Z'(Pi) is not less than Z*, discard 
Pi and go to step 2. 

(4) Upper bounding: Determine a feasible solution x u  E S j .  
If u ( x u )  < Z * ,  set x* = xu, Z* = 4 x 9 .  
(5) Branching: Decompose Pi into Pi,, Pi,, . . . , Pi, and let 

a = a u (Pi,, Pi?, . . ., PiK} - (Pi1 

Go to step 2. In step 2 of the above algorithm, deciding 
which subproblem to operate on constitutes the search strat- 
egy. In a sequential environment, two search strategies are 
widely used: 

(1) Depth First Search: The problem Q that was last in- 
serted into the list a is chosen for evaluation. 

(2) Best First Search The problem Q with the smallest 
lower bound estimate among all problems in a is chosen. 
Since the problems in ff are unevaluated, the bounds of their 
parent problems are used as estimates. 

For proof of the finiteness and correctness of the branch- 
and-bound algorithm, see Ibaraki (1988). In addition to the 
essential operations of bounding, branching and search, there 
are a number of other strategies that may be relevant to par- 
ticular problems. These include upper bounding heuristics, 
dominance relations, elimination rules and cutting plane 
techniques. See Ibaraki (1988) and Nemhauser and Wolsey 
(1988) for details. 

Distributed Branch-and-Bound 
From the description of branch-and-bound presented in the 

previous section, it can be seen that the nodes of a branch- 
and-bound tree can be explored in parallel. Parallel branch- 
and-bound has been the focus of intense research (see Gen- 
dron and Crainic, 1993; Kindervater and Lenstra, 1985, 1988; 
Beasley, 1987 for a survey). Parallel branch-and-bound algo- 
rithms need to address a number of issues including: 

Branch-and-bound nodes need 
to be transferred among processors exploring a search tree. 
The distribution has to be effective in the sense that the com- 
munication overhead of the parallel algorithm is acceptable. 

Work distribution has to be done so 
that processors make a meaningful contribution to the 

(1) Distribution of Work. 

(2 )  Load Balancing. 

progress of the tree-search. This implies minimizing the time 
during which processors are idle as well as ensuring that the 
processors do not explore unpromising nodes as far as possi- 
ble. 

(3 )  Termination. Determining when a branch-and-bound 
tree can be terminated. In certain models of distributed com- 
putation, this can be a nontrivial issue. 

Each branch-and-bound tree 
has certain global information associated with it. This in- 
cludes the incumbent solution as well as other information 
such as the list of variables that can be fixed at certain values 
in all nodes of the tree, and so on. Such information needs to 
be propagated to processors in a timely fashion without pos- 
ing undue burden on the network. 

In addition to the above, a flexible framework should allow 
customization of branch-and-bound components such as 
bounding functions, branching rules and search strategies. 
Our research in the field has led to the development of Dis- 
tributed Control Architecture for Branch and Bound 
(DCABB), a system for the development of customizable dis- 
tributed branch-and-bound algorithms (Kudva and Pekny, 
1994; Kudva, 1994). DCABB provides the infrastructure 
needed for distributed algorithms including work distribution 
and load-balancing. In addition, DCABB provides facilities 
such as concurrent management of multiple branch-and- 
bound trees and algorithm specific communication methods. 
These features make it possible to develop and implement 
sophisticated strategies that exploit various levels of paral- 
lelization opportunities present in an algorithm. The DCABB 
system has been used to develop a distributed algorithm for 
the design problem. A detailed description of the algorithm 
is presented in the next section. 

(4) Information Propagation. 

Distributed Design Algorithm 
The design algorithm described in the earlier section pro- 

vides opportunities for varying levels of parallelization. These 
include: 

(1) Parallel solution of the DSP. 
(2) Parallel solution of individual Scheduling Problems- 

here two types of parallelization are possible. Scheduling 
MILPs associated with different time periods can be solved 
concurrently; in addition, solution of the individual MILPs 
themselves can be parallelized. 

(3) The LPs associated with the debottlenecking algorithm 
can be solved concurrently. 

(4) The scheduling MILP corresponding to the debottle- 
necking algorithm can be parallelized. 

The efficacy of these strategies is highly dependent on in- 
dividual problems. Strategies 1 and 4 employ straightforward 
implementation of parallel branch-and-bound algorithms and 
strategy 3 is trivially parallel. However, strategy 2 requires a 
sophisticated algorithm that can coordinate the concurrent 
distributed solution of multiple MILPs. In addition, the con- 
trol strategy required to incorporate all four parallelization 
strategies is nontrivial. We have used the DCABB framework 
to implement the distributed design algorithm that achieves 
these goals. We now proceed to describe this algorithm in 
detail. 

Let us denote by N the number of processors used by the 
distributed algorithm. These processors will be referred to as 

1654 June 1996 Vol. 42, No. 6 AIChE Journal 



processor 0, processor 1, . . . , processor N - 1. One of the 
processors (arbitrarily assigned as processor 0) is used to co- 
ordinate the distribution of work among processors and is 
referred to as the SERVER processor. All other processors 
are called CLIENTS. Let T represent the number of 
scheduling time periods in the design problem. The func- 
tional description of our distributed algorithm can be sum- 
marized as follows: 

Processor 0 generates the Design Superproblem (DSP). 
The DSP is solved in parallel on all N processors. 
Processor 0 generates Scheduling Sub Problems 0, . . . , 

T - 1; as each problem is generated it is sent to a free client. 
The scheduling problems are solved concurrently on 

processors 1, . . . , N - 1. The solution of the MILP is passed 
back to processor 0. If the number of scheduling problems 
exceeds the number of available processors, processor 0 
maintains the scheduling problem descriptions until a free 
processor is available to work on the problem. 

0 When all problems have been dispatched to processors, 
processor 0 waits for solutions. If the scheduling problem 
corresponding to a time period is feasible, the design prob- 
lem is considered to be feasible with respect to that time pe- 
riod. For the design to be considered viable, all scheduling 
subproblems need to be feasible. 

When the number of processors exceeds the number of 
active scheduling problems, the free processors are assigned 
to work on one of the active trees. The active scheduling 
problem to which an idle processor is assigned is chosen at 
random. 

When one of the scheduling problems is discovered to be 
infeasible, the debottlenecking algorithm has to be executed. 
Let S = 0, . . . , T - 1 denote the set of all time periods, and 
SINF c S denote the set of time periods whose corresponding 
scheduling problems are infeasible. Debottlenecking is per- 
formed for time period t ,  which is the earliest time period in 
the set SINF. The LPs generated by the debottlenecking algo- 
rithm (described in the previous section) are solved concur- 
rently on the client processors. 

After adding a unit specified by the debottlenecking al- 
gorithm at time t ,  the scheduling MILP corresponding to time 
period t needs to be solved. This is done in parallel on proc- 
essors 0, ..., N -1. 

For the modified design problem, all infeasible schedul- 
ing problems during time periods t + 1, . . . , T - 1 have to be 
solved again as before. 

Note that the above algorithm incorporates all four paral- 
lelization strategies discussed before. Solving the design MILP 
and the scheduling MILP corresponding to time period t 
imply solving one MILP in a distributed fashion using N 
processors. This is done routinely using the DCABB based 
distributed MILP solver (Kudva, 1994). Concurrent solution 
of the scheduling MILPs and the debottlenecking LPs is more 
involved. The process is best explained by presenting 
pseudo-code for the algorithms executed by the SERVER and 
CLIENT processes. The server executes the following algo- 
rithm: 

1. SERVER ALGORITHM 

3. Generate Design Superproblem (DSP); 
4. 
5. Analyze DSP solution; 

2. I 

Initiate distributed solution of DSP; 

6. t = 0; 
7. 
8. tbottleneck = CreateAndSolveSchedulingMILPs 

9. 

10. 
11. 
12. SolveBottleneckLPs( 1; 
13. 
14. 
15. solve Scheduling MILP; 
16. ) 

while (t < T )  { 

InParallel ( t ,  T ) ;  
// solve scheduling problems for time periods t 
through T 

if (tbotdeneck = = T )  break; 
while (Scheduling MILP is infeasible) { 

decide appropriate UNIT to add; 
initiate Scheduling MILP for period tbottleneck 

17. = tbottleneck -b 1; 
18. } 
19. 
20. 
21. } 
22. 
23. function CreateAndSolveSchedulingMILPs 

24. { 

26. for ( t  = tinit; t < t,,,,; t + +) ( 
27. CreateSchedulingMILP(t); 
28. p = FindFreeClientO; 
29. if (found p )  
30. SendSchedulingMILPToClient( p ) ;  
31. else 
32. 

34. 

send termination message to clients; 
return with feasible solution to DSP; 

InParallel(tini,, tfinal) 

25. tbottleneck = tfinal; 

Add MILP to problem queue; 
33. ) 

35. { 

while ((not solved all MILPs) AND (not found earli- 
est-infeasible-t 1) 

36. wait for a while; 
37. 
38. 

40. p = FindFreeClientO; 
41. if (found p )  { 
42. 
43. SendSchedulingMILPToClient ( p ) ;  
44. else 
45. 
46. ) 
47. } 
48. return tbottleneck; 

49. 1 
The function SolveBottleneckLPs() called on line 12 of the 

server process algorithm generates a set of LPs as described 
in the debottlenecking algorithm section and sends them to 
client processes for solution. Results obtained by solving the 
LPs are analyzed to determine which unit to add to the de- 
sign. The algorithm executed by the client processors is as 
follows: 

2. ( 

do inter-process 1/0 and process client messages; 
tbottleneck = FindEarliestInfeasibleTimePeriod ( ); 

39. if (tbottleneck < tfinal) break; 

if (non-empty Scheduling MILP queue) 

Instruct p to help out working clients; 

1. CLIENT ALGORITHM 

3. 
4. work on DSP; 
5. while (not done) { 
6. wait for messages; 

wait for DSP problem description from server; 
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7. 
8. 
9. 

10. 

11. 
12. 
13. 
14. 
15. 
16. 
17. 

18. 
19. 
20. 
21. 
22. 

23. 
24. 
25. 
26. 

while (number of messages # 0) { 
if (message-type = = TERMINATION) 

else if (message-type = = BOTTLENECK- 
MILP) 

else if (message-type = = BOlTLENECK-LP) ( 

done = TRUE; 

help to solve bottleneck MILP; 

unpack LP; 
solve LP; 
send results to server; 

I 
else if (message-type = = SCHEDULING- 
MILP) { 

unpack MILP; 
solve MILP; 
send results to server; 

1 
else if (message-type = = HELP-OUT- 
DIRECTIVE) { 

poll other clients for work; 
help to solve scheduling MILP; 

1 
I 

27. 1 
28. 1 
The server directs client processes to help out other clients 

in solving scheduling MILPs when its queue of scheduling 
MILPs is exhausted. This is referred to as the Dynamic Tree 
Assignment (DTA) mode. In this case the client that receives 
the directive polls the other processes, at random, looking for 
MILPs to solve. When one of the clients, still actively working 
on an MILP, receives the request from the idle client, it dis- 
patches its MILP and some active tree nodes to the request- 
ing process, thereby enrolling it in the group of processes 
working on the MILP. The entire algorithm is depicted in 
Figure 3. The boxes on the left indicate steps in the algo- 
rithm while the figures in the right indicate the types of par- 

&lve Design 
Super-Probbm 

'Z, 0 0 6 0 

Solve Schedulinp 
probbms 

Solve Bottleneck 

INFEASIBLE 
SCHEDULE 

Solve Updated 
Scheduling MlLP 

SCHEDULE 

Figure 3. Distributed design algorithm. 
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allelization strategies used for the steps. A simpler imple- 
mentation would be when the server does not direct client 
processes to help out in the solution of scheduling MILPs. 
This is referred to as the static tree assignment (STA) mode. 
The effectiveness of this algorithm is demonstrated in the next 
section by presenting computational results on problem in- 
stances derived from an industrial case study. 

Computational results 
In the previous sections, the test-bed design and schedul- 

ing algorithm and the distributed computing aspects were 
discussed in detail. In this section, several relevant examples 
to illustrate and validate the algorithm are discussed. The 
MPS format files for each of these problems are available 
upon request (email pekny@ecn.purdue.edu). 

The goal of parallel and distributed algorithms is to enable 
faster solution of problems. Hence quantitative measures are 
needed to determine the effectiveness of a parallel algorithm. 
In subsequent discussions, we use the generally accepted per- 
formance metrics for parallel algorithms-speedup and effi- 
ciency. These can be defined as follows 

tseq 

tP 
speed - up = - 

tseq 

PtP 
efficiency = - 

where tseq is the execution time of the serial algorithm, p is 
the number of processing elements used in the parallel algo- 
rithm and tp  is the execution time of the parallel algorithm. 
A parallel algorithm needs to demonstrate sufficiently high 
speedup and efficiency figures to be considered effective. De- 
signers of parallel algorithms strive for linear speedups, i.e., 
to reduce the execution time linearly with the increase in the 
number of processors used. However, most practical prob- 
lems tend to have sequential components that are not 
amenable to parallel computation, leading to sublinear 
speedups. 

The computing hardware used for all the multiprocessor 
runs are HP 9000/715 computers, with complete network 
connectivity. Unless otherwise stated, all single processor runs 
have been performed on the HP 9000/715 as well. 

Distributed Solution of the Design SuperProblem 
As discussed earlier, the Design SuperProblem contains 

aggregate information over the entire life of the plant. The 
first obstacle in solving the design problem is to obtain quickly 
and efficiently, good if not optimal solutions to the DSP. Sev- 
eral design problems were solved to optimality using a single 
processor and tested against multiprocessor runs, the main 
comparison being the speedup and efficiency obtained 
through distributed computing. The first three problems 
(DSP1, DSP2, and DSP3) are based on industrial data for a 
three-stage process. Within this process, all of the isolated 
intermediates, dirty solvents, products, and raw materials are 
storable. The only resources not storable are the mixtures 
obtained prior to filtration. In DSPl and DSP2, a total of 13 
tasks are to be performed with 22 resources used. Units 
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Figure 4. Recipe network for problems DSPl and DSPP. 

should be chosen from nine unit types belonging to five dif- 
ferent equipment families (reactor, dryer, centrifuge, filter 
and filter/dryer combination families). Sale of the single 
product is during the second quarter of each year during the 
life of the plant. In addition, the product demand is uncer- 
tain with a discrete distribution yielding ten scenarios per 
quarter. Figure 4 depicting the recipes of problems DSPl and 
DSP2 is representative of the process structure of the indus- 
trial case study. 

DSPl and DSP2 describe plant design problems spanning 
3.5 and 4.5 years respectively with a single product. DSP3 is 
an extension of these problems with an additional product 
and spanning 15 years. The process structure is summarized 
in Table 1. The dimensions of the mathematical program as- 
sociated with each design problem are given in Table 2. 

DSP4 is a problem based on a ten-step process, derived 
from industrial data. There are 14 resources, three products 
whose market demands are known a priori and units are cho- 
sen from five different equipment types. The span of this plant 
is considerably shorter (1.5 years), and is discretized into nine 
aggregate time periods. The product demands are such that 
product PI is required only in the odd time periods, while 
the demand of product Pz has to be met in every even time 
period. Product P3 is required every time period. DSP5 in- 
volves the process steps of DSP4 and a demand profile which 
is uniform over time. The time horizon of interest is ex- 
tended to 7.5 years and is divided into 30 time periods. 

DSP6 differs from the previous problems in structure in 
that a long chain of steps is not present in its process, and it 
involves the production of four products in short stages. There 
are 13 resources, 8 tasks, and 14 time periods in this process 
(Table 1). The choice of unit types over which design deci- 

Table 1. Process Structure Data for the Design Cases 

Name Types Tasks Res. Prod. Periods (yr) 
DSPl 9 13 22 1 14 2.5 
DSP2 9 13 22 1 18 3.5 
DSP3 6 27 41 2 60 15 
DSP4 5 10 14 3 9 1.5 
DSP5 5 10 14 3 30 7.5 
DSP6 4 8 13 4 14 1.2 

No. Units No. No. No. No. Time Horizon 

Table 2. Distributed Computing Results for the Design 
SuperProblem 

No. Soh. Bound 
Name Variable Integer Constraint Procs. Time Gap (%) 

DSPl 1,712 126 1,370 1 555 5.285 
8 104 5.285 

DSP2 2,193 162 1,760 1 13,319 0.088 

-- 

___- 

8 1,395 0.049 
DSP3 14,845 2,760 11,058 1 20,389 8.415 

8 2,608 8.36 
1 1,077 0 
6 334 0 
1 27,510 6.95 

DSP4 590 45 495 

DSP5 2,024 150 1,680 
10 1,655 3.94 

DSP6 728 56 462 1 724 n 
6 362 tl 

sions have to be made is limited to four. The essential differ- 
ence in this problem is that it is a typical example of a short- 
chain process and lies at the other end of the processing 
spectrum, while all the other previously discussed problems 
involve long-chain processes. 

An attempt to solve DSP1, DSP2, and DSP3 was made 
using the CPLEX-MIP (CPLEX, 1993) solver. CPLEX-MIP 
was unable to find a solution for DSPl in 60 min using an HP 
9000/755 computer. DSP2 was solved to the first feasible so- 
lution which was only within 30% of the optimal solution in 
under 2 h of time using the same computer. In the case of 
DSP3, CPLEX-MIP was unable to find a solution after 8 h. 
The utility of general purpose solvers in solving large opti- 
mization problems is limited, as is apparent from the above 
experiments. 

Within the DCABB framework, the CPLEX LP solver 
(CPLEX, 1993) was used to solve the linear programming re- 
laxations corresponding to the branch-and-bound nodes. The 
Design SuperProblems of several design cases were solved 
using single processor (serial run) and multiple processors 
(distributed run). The structure of the problem can be ex- 
ploited at this stage by specialized rounding techniques lead- 
ing to good feasible solutions. These techniques can be ap- 
plied at any point of the branch and bound tree in an at- 
tempt to obtain good solutions and reduce the search space. 
In problems DSP[ 1-31, staged rounding (Subrahmanyam et 
al., 1994b) was applied at each node in an attempt to obtain 
feasible solutions quickly. 

The results of the distributed runs are listed in Table 2. 
The last column of the table represents the percentage dif- 
ference between the incumbent solution and the best known 
lower bound at the time of termination of the run. This is 
referred to as the bound gap. Note that when a problem is 
solved to optimality, the bound gap is zero. In all cases con- 
sidered, there is considerable speedup in the computational 
effort involved in solving the optimization problems. How- 
ever, in many instances, a proportional speedup correspond- 
ing to the effective number of processors is not observed. For 
a detailed discussion of this phenomenon refer to Kudva 
(1994). Briefly, this is due to the fact that a parallel branch- 
and-bound search has to explore multiple nodes concur- 
rently, leading to a different execution profile than the serial 
search. Potentially, the parallel search may explore parts of 
the branch-and-bound tree that would not be explored by the 
sequential search leading to sublinear speedups. On the other 
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Figure 5. Progress of bound gap for problem DSP1. 

hand, due to the different execution profile, the parallel 
search may discover incumbents quickly, leading to a fathom- 
ing of a large number of unexplored nodes. Thus it is possi- 
ble to achieve superlinear speedups. Tracking the bounds over 
time will better illustrate the effectiveness of distributed 
branch-and-bound search. The bound gap tracking over time 
is illustrated for problem DSPI, DSP2, and DSP3 is shown in 
Figures 5 6 ,  and 7, respectively. 

Figure 5 shows a comparison between the serial and dis- 
tributed runs for DSP1. Neither method was able to close the 
bound gap under 5% of the optimal solution value. However, 
using 8 HP 9000/715 processors enhanced the solution time 
to 104 s, when compared to 555 s for the serial case. Figure 6 
compares the bound gaps for problem DSP2. The bound gap 
is almost closed (to within 0.1% of the optimal), with the 
distributed solution being obtained 9.5 times faster than the 
serial one (the solution times for the distributed and serial 
runs are 1,395 and 13,319 s, respectively). CPLEX-MIP, for 
this case, had only obtained a solution which was within 30% 
of the optimal. Problem DSP3 proved considerably more dif- 
ficult to solve, with both methods achieving some bound gap 
closure, as shown in Figure 7 (8.35% for the distributed case 
in 2,608 s and 8.4% for the serial run in 20,389 s), with the 
distributed algorithm converging to a better incumbent than 
the sequential run. 
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Figure 6. Progress of bound gap for problem DSPS. 
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Figure 7. Progress of bound gap for problem DSPS. 

DSP4 is solved to optimality by both the serial and dis- 
tributed runs. Note that the DSP formulation of this problem 
is considerably smaller than the previous three that were con- 
sidered. DSPS is, as mentioned earlier, an extension of DSP4 
and is therefore a much more computationally intensive 
problem to solve. The distributed case yields a better solution 
than the serial run, with the bound gaps being 3.94% and 
6.95%, respectively. The success of the distributed run in this 
case is also exhibited by comparing the run times, with the 
distributed run utilizing 1,655 s to obtain its best solution, 
while the single processor takes over 20,000 s without reduc- 
ing its bound gap. DSP6 is solved to optimality by both runs, 
and this may once again be attributed to the size of the prob- 
lem (in particular, the number of integer variables). The in- 
ference from the above results is that distributed computing 
performs extremely well for larger instances of the Design 
Superproblem, with the efficiency decreasing as the problem 
size reduces. Employing multiple processors to solve small 
problems may prove wasteful, since the search space is small, 
and the optimal solution is found quickly even with a single 
processor. 

Distributed Solution of the Overall Design Problem 
Once the DSP has been solved for a good feasible solution 

(or optimal solution), processor 0 takes charge of setting up 
scheduling problems for each aggregate time period of the 
DSP. Clearly, the scheduling problems are independent at 
this stage, and parallel processing of the problems would be 
natural. As processor 0 creates scheduling problems, it sends 
it to any free processor, which starts working on the MILP. 
After it dispatches all the problems, processor 0 acts only as 
a monitoring device, waiting for the problems to return after 
solution. Each processor works on its own assigned problem, 
thus acting in a single processor mode. 

Ideally, a speedup proportional to the number of proces- 
sors is expected from this algorithm (taking only the schedul- 
ing computations into account); unfortunately, this is rarely 
true in practice. The following analysis justifies this observa- 
tion. Let the time taken for problem i to be solved be repre- 
sented by ti. Then, for the serial run, the time taken for the 
termination of the scheduling algorithm is B K i ' t , .  For the 
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distributed run, assuming there are an equal number of proc- 
essors as there are problems (Np = N ) ,  let problem i be as- 
signed to processor i. The time taken for the termination to 
solve all the scheduling problems would be maxi{ti}. 

Then, the following relationship is valid 

N - 1  

ti I N * max ( t i }  (10) 
i = O  i 

The time taken for the serial run Z E i ' t i  is always less or 
equal to the term Nmaxi{ti}, which is the product of the 
number of processors and the distributed computing time 
(maximum of the individual scheduling problem solution 
times). The only scenario where the equality would hold is 
when ti = tmaxVi. This is true only when each scheduling 
problem has the same solution time. 

The speedup is defined as the ratio of the time taken for 
the serial run to that of the distributed run. 

(11) 

From this definition and the previous relation (Eq. lo), it is 
easily seen that 

The only scenario, as discussed before, where the speedup S 
would be equal to N is when ti=tmaXVi. In a branch and 
bound procedure, it would be extremely difficult to guaran- 
tee that each scheduling problem would be solved in exactly 
the same time as every other. There is always disparity in the 
solution times, due to the difference in the size of the prob- 
lems, or due to the nature of the solution space and, hence, 
the difficulty in solving them. 

Problems DP[1-5] are all derived from the same industrial 
case study as problems DSP[1-5]. The essential difference in 
all the case studies is to observe plant design response to 
varying demand data. Though there is no drastic change in 
the process structure, changing the demand patterns greatly 
affects the final design(s). This is evident from the results 
shown in Table 3. Column 4 (No. SP) indicates the number of 
design time periods and hence the number of scheduling 
problems implied by the DSP. Columns 5, 6 and 7 (SP time, 
DBP time and overall time) indicate the wall-clock time re- 
quired to solve the DSP, the scheduling MILPs, and the de- 
bottlenecking algorithm respectively. The total execution time 
is given in the last column. All runs were made using HP 
9000/715 processors. Since this section deals with the solu- 
tion of the design problems (including the scheduling prob- 
lems), the results in Table 3 show the solution of multiple 
MILPs and it would be meaningless to consider the progres- 
sion of the bounds. However, comparing the speedup ob- 
tained for the DSP and the scheduling problems would be 
useful. 

Table 3. Distributed Computing Results for Design Case 
Studies 

No. DSP No. SP DBP Overall 
Name Prom Time SP Time Time Time 
DP1 1 166 9 794 0 962 

6 157 9 281 0 442 
DP2.1 1 1,077 9 1,205 200 2,534 

6 334 9 478 99 980 
DP2.2 1 

6 362 9 1,996 134 2,615 
DP3 1 129 9 552 68 777 

6 113 9 179 45 372 
DP4 1 13,860 18 - - - 

6 7,547 18 427 51 8,064 
10 2,730 18 344 44 3,164 

DP5 1 489 9 3,065 407 4,085 
6 286 9 2,320 200 2,926 

949 9 - - - 

The scheduling horizons associated with problems DP[1-5] 
span 3 months, or in terms of the discretization intervals, over 
1,500 intervals. A mathematical program of that size would 
be extremely difficult to solve. Hence, the procedure outlined 
earlier (in the discussion on the Scheduling Substage) is used 
to decompose the problems into more amenable scheduling 
problems. A large horizon scheduling problem is treated as a 
set of simpler schedules cycling over the larger horizon. 
Therefore, a 1,500 h schedule is composed of a 100 h sched- 
ule cycling over the 3 month period. 

Due to its small size, problem DP1 exhibits no speedup in 
the DSP solution time. An optimal solution is discovered in 
less than 200 s, even with a single processor. The 9 schedul- 
ing problems are solved to optimality and in this simple case, 
all the problems are feasible. In this case, debottlenecking is 
not necessary and the solution times for scheduling are 794 
and 281 s for the serial and distributed runs, respectively. 
Problems DP2.1 and DP2.2 use the same problem descrip- 
tion, with different discretizations employed to vary the size 
of the decomposed scheduling problems. DP2.1 employs a 
discretization of 15 to reduce the scheduling horizon to 100 
h, while DP2.2 is solved using a discretization of 10, yielding 
a longer horizon of 150 h. The results show that the larger 
problems of DP2.2 results in an increase in solution time for 
the distributed case. DP2.2 could not be solved using a single 
processor due to the insufficient memory. The solution times 
for the DSP in the serial and distributed runs for DP2.1 and 
DP2.2 are - 1,000 and - 350 s, respectively. DP2.1 exhibits 
infeasibilities in the scheduling problems as does DP2.2. 
Therefore, the debottlenecking stage is executed, with one 
unit being added to make the problem feasible. 

DP4 spans 18 aggregate time periods, instead of 9, as in 
the previous problems. The problem was solved with 1,6 and 
10 processors of equal speed (HP 9000/715 processors), and 
the results show that the single processor fails once again due 
to lack of memory space. The speedup achieved in the DSP 
solution is shown clearly by comparing the run times: 13,860 
and 7,547 and 2,730 for the 1, 6 and 10 processor runs, re- 
spectively. 

DP5 (Figure 8) exhibits behavior which leads to lower 
speedup of the distributed case due to the nature of the 
scheduling problems (one of the scheduling problems takes 
much longer to solve), as discussed earlier. The solution pro- 
file indicating the expansion of the plant capacity and the 
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Figure 8. Progress of bound gap for problem DSP5. 

corresponding production is shown in Figure 9. The single 
processor takes 3,065 s to solve the scheduling problems, while 
the distributed run is completed in 2,320 s. Noticing the idle 
time on the processors which finish early and wait for the 
limiting scheduling problem to terminate, the DTA mode 
described earlier was implemented. The result in Table 3 
indicates that since the speedup is not equal to the number 
of processors employed, there is a scheduling problem which 
takes much longer to solve to optimality than the others. Im- 
plementing the DTA mode of the distributed run resulted in 
reducing the scheduling time to 1,317 s, as seen in Table 4. 
The DTA mode, therefore, enabled a considerable reduction 
in the computation time by utilizing the otherwise idle re- 
sources. 

Conclusions 
This article has addressed the development of a distributed 
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Figure 9. Solution profile of problem DP5. 

Table 4. Distributed Computing Results Using STA and DTA 
Modes 

No. DSP No. SP DBP Overall 
Name Procs. Time SP Time Time Time 

1 489 9 3,065 407 4,085 
DP5 6(STA) 217 9 2,336 200 2,873 

6(DTA) 215 9 1,317 212 1,874 

algorithm for solving an important class of plant design and 
planning problems. Given the iterative nature of the design 
process, the ability to rapidly generate feasible solutions pro- 
vides the engineer with the flexibility to explore a large num- 
ber of designs. This enables the designer to choose between 
solutions that are economically equivalent but may differ rad- 
ically from an implementation standpoint. In this context, 
distributed computing has proven successful in solving large 
instances of design problems derived from industrial case 
studies-some of which could not be solved using a single 
processor. The design algorithm described in this article uses 
multiple levels of parallelization and is a practical application 
of concurrent parallel branch-and-bound. With increasing 
emphasis on efficient plant designs and globalization of 
process operations, design and planning problems will con- 
tinue to grow in size. Addressing these problems will require 
an increasing amount of computing power which is not likely 
to be delivered by faster processors alone. Distributed algo- 
rithm development frameworks such as DCABB are aimed to 
harness the power of computer networks to address these 
larger problems of practical interest. 

Notation 
A:? =maximum amount of resource s that can be stored at 

time T 
A,, =amount of resource s in inventory of time T 
B,,7 =aggregate amount of material processed by task i on 

equipment j during time period T 
C;?"lP =cost of one unit of equipment j when purchased for sub- 

sequent use (in dollars adjusted for inflation and dis- 
counted to time period T = 1) 

CP,; =variable operating cost of task i on equipment j in time 
period T 

C:: =fixed operating cost of task i on equipment j in time 
period T 

CFp =manpower and other costs associated with operating unit 
j in time period T 

FFnS =fraction of resource s consumed in one unit of output of 
task i 

FZod =fraction of resource s produced in one unit of output of 
task i 

H, =length of time period T 
i =task 
I = set of tasks 

=index set containing indices for tasks which can be proc- 

=index set containing indices for tasks which produce re- 

=index set containing indices for tasks which can consume 

Z;q"'P =index set containing indices for equipment types which 

essed in equipment j 

source s 

resource s 

can process task i 
j =equipment type 
J =set of equipment types 
k =scenario 
K =set of all possible scenarios 

1660 June 1996 Vol. 42. No. 6 AIChE Journal 



m,, =capacity of equipment j during one batch when process- 
ing task i measured in units of total resource output upon 
completion of the batch (i.e., mass of output of task i on 
equipment j )  

n,7 =total number of units of equipment type j which will come 
into the production line at the beginning of time period T 

N,, =total number of units of equipment type j available for 
use at time T 

Pl, =processing time of task i in equipment type j 
PkT =probability associated with a particular scenario k during 

q:, =quantity of resource s bought at time T 
&?, =quantity of resource s produced and sold which is lower 

q:& =quantity of resource s produced and sold which is above 

Q,”, =maximum amount of resource s which can be bought at 

Qik7 =maximum amount of resource s which can be sold under 

time period T 

than the scenario demand level at time T 

the scenario demand level at time T 

time T from external sources 

scenario k at time T for profit 
s = resource/material 
S =set of resources 
T =set of all time periods 
T =time period 

u,Sk, =value of resource s if scenario k is realized at time T 

u:‘ =value (cost) of resource s at time T when bought from 

Y , , ~  =number of times task i is performed on equipment j at 

when sold to customers 

suppliers 

time T 
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